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Math S-21b – Summer 2023 – Homework #10 

Though these problems are not to be turned in, do them as you prepare for the Final Exam. Solutions will be posted. 

 

Problems 1- 4 at the end of the supplement on nonlinear systems. 

 

1. The interaction of two species of animals is 

modeled by  

(2 )

(4 )

dx
x x y

dt

dy
y x y

dt

 
= − +  

 
 = − −
  

 

for 0x   and 0y  . 

a) Sketch a phase portrait for this system. 

Make sure that your sketch clearly shows 

the nullclines and the equilibria. 

b) There is one equilibrium point ( , )a b  with  

0a   and 0b  . Find the Jacobian matrix J 

of the system at that point. 

c) Determine the stability of the equilibrium 

point ( , )a b  discussed in part (b). 

 

 

2. Consider the system 

(1 )

(1 )

dx
x x ky k

dt

dy
y y kx k

dt

 
= − + −  

 
 = − + −
  

 

where k is a constant different from 1 and –1. 

a) The system above has exactly one 

equilibrium point ( , )a b  in the first 

quadrant with 0a   and 0b  . Find this 

equilibrium point. 

b) Find the Jacobian matrix at the equilibrium 

point. 

c) Determine the stability of the equilibrium 

point. Your answer may depend on the 

constant k. 

3. The dynamics of a frictionless pendulum of 

length L are given by the system 

sin

d

dt

d g

dt L

 
=   

 
 = − 

  

 

where  is the angle the rod of the pendulum 

makes with the vertical line, 
d

dt


=  is the 

angular velocity, and g is the gravitational 

constant. 

a) Sketch a phase portrait for this system. 

Think about the trajectories in terms of the 

motion of a frictionless pendulum. 

b) Find the Jacobian matrix at all equilibrium 

point, and compute the eigenvalues. What 

does the answer tell you about the stability 

of the equilibria? 

 

 

4. Consider the system  

2 2 1
dx

x y
dt

dy
xy

dt

 
= + −  

 
 =
  

. 

Sketch a phase plane for this system. Make sure 

that your sketch clearly shows the nullclines and 

the equilibria. Which equilibria are stable? 


